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We present the quantum theory of a spatially-multimode traveling-wave phase-sensitive optical parametric
amplifier (OPA) pumped by a beam with arbitrary spatial profile. By using Green’s functions of the classical
OPA, we derive the normally-ordered quadrature correlators at the OPA output, which provide complete
quantum description of the phase-sensitive OPA and enable determination of its independently-squeezed
eigenmodes. Two analytically treatable examples of plane-wave pump and infinite spatial bandwidth of the

crystal are discussed in detail.
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1. Introduction

Spatially-broadband optical parametric amplifiers
(OPAs) are important for the generation of correlated
modes for quantum information processing as well as
for noiseless amplification of images, with recent work
nicely summarized in [1,2]. The latter application
requires  phase-sensitive ~ OPAs  with  strongly
focused pump beams in either traveling-wave [3.,4]
or self-imaging-cavity [5] configurations. While the
classical traveling-wave OPA with plane-wave pump
has a well known analytical solution [6,7] that is
straightforwardly extendable to the quantum case, the
inhomogeneous (i.e. spatially-varying) pump case
requires numerical modeling even for the classical
signal [8], unless the nonlinear medium of the OPA is
very short. Although computationally efficient numer-
ical methods based on Hermite-Gaussian and
Laguerre-Gaussian mode expansions have been
developed for both cavity-based [9] and traveling-wave
[10] OPAs for some pumping configurations,
determination of the complete quantum properties of
the OPAs from numerical modeling have remained a
serious challenge.

In this work, we provide a general framework
relating the complete quantum description of the
traveling-wave phase-sensitive OPA with arbitrary
pump to Green’s function of the underlying classical
propagation equation, which is obtainable by numer-
ical or (in rare instances) analytical methods. By

diagonalizing the derived quantum correlators, we
show that a set of independently-squeezed orthogonal
modes (eigenmodes) of the OPA can be obtained,
in analogy to the Karhunen-Loéve expansion for
classical random processes. Such eigenmodes of the
traveling-wave OPA are also related to the supermodes
of a self-imaging-cavity-based OPA studied in [11].
The analysis of the present paper serves as a basis
for our determination of the actual OPA eigenmodes
via numerically-obtained Green’s functions in
Hermite—Gaussian representation [12].

2. Definitions from classical free-space propagation

A detailed theory of parametric amplification of
multimode fields is summarized in a recently published
book [1]. Here, we concentrate on OPA equations in
paraxial approximation with undepleted pump.
Assuming that the signal, idler, and pump fields are
polarized, we look for solutions in the form

e(F, 1) = E(p, 2)e" =D 4+ c.c., (1)

where E(p,z) is a slowly-varying field envelope, p is
a transverse vector with coordinates (x,y), and the
intensity is given by

I(Z)a Z) = 28071C|E(/_7),Z)|2. (2)

*Corresponding author. Email: nikolais@uta.edu

ISSN 0950-0340 print/ISSN 1362-3044 online
© 2010 Taylor & Francis

DOI: 10.1080/09500340.2010.495463
http://www.informaworld.com



06: 55 19 Novenber 2010

Downl oaded By: [Vasilyev, Mchael] At:

Journal of Modern Optics 1909

In the presence of a strong pump E,(p, z) at frequency
w,, signal electric field E(p,z) at frequency o, is
coupled to the idler electric field E(p, z) at frequency
w;=w, — w, through the following equation:

oFE; i
0z 2k

ZE n iws deff

E E * zA/u (3)

where Ak=k,—k;—k; is the wavevector mismatch,
dqgr 1s the effective nonlinear coefficient accounting for
the field polarizations and crystal orientation, and
the equation for the idler beam is obtained by
interchanging subscripts s and /i in Equation (3).
Equation (3) describes the traveling-wave OPA in
paraxial approximation with a pump of arbitrary
spatial profile.

Let us introduce the spatial-frequency (¢) domain
through the Fourier transform

BG.2) = JE(ﬁ,z)e*f‘?f’dﬁ 4

and the inverse Fourier transform

-

dg
@n)*
In the absence of the pump (£,=0), Equation (3) is

reduced to the paraxial Helmholtz equation, whose
solution in the Fourier domain is given by

Ep.2) = jE@, 27 5)

2k

which translates into the following spatial-domain
solutions (Fresnel integrals):

~ ~ e
E(qg,z) = E(q,0)exp (—l - z) (6)

k k 222 .
EG2) =5 JE( ,0) exp[%] d7, (D)
(7
. N2
E(x,2) =, /2—71;€_iﬂ/4JE(x/, 0)exp [@} dx', (1D)
(®)

where the kernels of integrals in Equations (7) and (8)
are, respectively, the 2D and 1D Green’s functions

Lk klp— 51
G(p,p,z)—zmzexp[z | eo o
K ) Je(x — n2
G(x,X,2) = \[=—e ™" exp iM , (ID)
2z 2z
(10)

i.e. the solutions of the paraxial Helmholtz equation
satisfying the initial conditions

G(p,p,0)=8(p—p). (2D) (11)

G(x,¥,0) = 8(x —x'). (ID) (12)

3. Degenerate OPA

Assuming the signal and idler beam to have the same
frequency and polarization, we can drop the s and
i subscripts. We can express the signal field in terms
of two real-valued quadratures,

E(p,z) = X(p, 2) + i¥(p, 2), (13)

so that the solution is given by

E(3.2) = j[Gx(ﬁ, 72X 0) + G, (3.7 2) Y7 017

(14)

where G.(p,0,z) and iG,(p,0,z) are the Green’s
functions of Equation (3), i.e. its solutions with initial
conditions

Gx(:aa 15/» O) = 8(5 - 5,)7
iGy(IBa 5/a 0) = 18(15 - 15/)

The solution (14) can be re-written in vector form as

(15)

E(5.2) = jG(ﬁ, 7.OEG.0dF.  (16)
where
N X(p,
6G.o = 123 | (1)
il _ Cx(ﬁa 15,92) Cy(laa 15/92)
C(6.0.2) = [sx(ﬁ, i SsGaol WY

and the elements of real matrix G in Equation (18) are
related to G, and G, of Equation (14) as follows:

GX(I_é? ;5/5 Z) = Cx(laa Z)/a Z) + lS’C(lzsa Z)/) Z)v
Gy(ﬁ’ 5/’ Z) = S}’(ﬁa 15/9 Z) - l'CJ’(IBa 5/9 Z)' (19)

Note that Equation (16) can also be written in the
spatial-frequency domain as

_’/

F:(E/,z)=jé(c7, ~7.98G.0 55 ), (20)

where

(RG] [ReaEcis
E(q,z)_|:Y(q ;} [m (21)
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is the Fourier transform of electric field in equation
(17), and G(§,§,z) is the Fourier transform of the
Green’s function (18) with respect to both p and p'.

3.1. Quantum description of the degenerate OPA

Since Equation (3) is linear, it (as well as all the other
formulae above) also holds in the quantum case by
assuming the signal electric field to be an operator. It is
convenient to normalize this operator so as to produce
the following commutation relations:

[E(ﬁ, Z)a E+(:6/s Z)] = 8(16 - IB/)i
[E(p, 2), E(p',2)] = 0.

Preservation of the commutators (22) during the field
evolution in the OPA requires that

(22)

j[ (BB P2 — O3B DB B =
S4B 528,772 S35 )Su(F. 72 4 =
[Cu(3. 528,75 2) = Cy(3. 7S 7 27
:6(5_)6/)5

(8,35, 2)Co (7 7-2) = S35 )Co (7.5 ) A

= 8(16 - 15/)’

(23)
which can be expressed in the matrix form as
= =y =1 2 - 6(5_,6/) 0
G(p,p",2)JTGT Jdp [ o,
6.7 207675 el
(24)

where

2> S’(las 15/92) _C’(ﬁs ,6,,2)}
JTG" (5, ,zJ:[ YA ~uds . (25
(IO p ) —Sx(p, IO/’ Z) C\”(IOMO 52) ( )

Equation (24) means that the transformation in
Equation (16) is symplectic, i.e. it preserves an
antisymmetric matrix

0 1
J:[_1 0}. (26)

Assuming the state at the input of the OPA to be
vacuum (coherent state is treated the same way by
separating the classical mean field from the vacuum
fluctuations), we can completely describe the quantum
properties of the output light by a correlation matrix

> 2/ _ <X(/_5a Z)X(IB/a Z)) <X(16> Z) Y(ﬁ/a Z))
R(p.p.2) =4 x [ (Y(G.OXF.2) (Y32 Y. 2) ]
27)

whose value at the OPA input is
o o S o Lo
R(p,p,0)=3(p—p)><[_i 1] (28)

The elements of the correlation matrix in Equation
(27), to be referred to as the correlators, are given by

(X(5, 2)X(F, 7)) = J[c (5 7 2Cu(F 72,

+ O, 7 CF B 14
J[S 7,257 7 2)

+ 8,5 7. 2)S,(F. B D dF,

X(IO’ Z) Y( Z) = _8(15 - IZ),) + <X(Z)7 Z) Y(ﬁ/’ Z))N

(Y(p.0)Y(p,2)) =

(Y. 2X(E.2) = = 3865 = ) + (VG XD )

- 1 =/ =/ =2
X3, ) Y(F. ) J[c 3.7 2S:F. 7 2)
+ Cy(p, 0", 2)S,(0', 0", 2)1dp”,
s 90652

+ 8,5, 5. C,(7. ' D7,
(29)

< Y(IB’ Z)X(ﬁ/’ Z)>N -

where the subscript N denotes a normally-ordered
correlator. Eliminating the delta-function from the off-
diagonal elements of Equation (27) yields a related
correlation matrix

- [ XGXEL ) (X5, V(B 2)
R(p.p.2)=4x [(Y(ﬁ,z)x(ﬁxz)m (Y(5,2) Y(#2)) }
(30)

with initial conditions
re2 2/ - =/ 1 0

One can also see that R/'(p,0,z)=R'(p,0.0)
+R'N(p, 0.2), where R’y(p,0,z) has zero initial
condition and is given by Equation (30) with the
diagonal-element correlators replaced by the corre-
sponding normally-ordered correlators. It is easy to
show that

R(G.5.2) = JG(ﬁ, PG E. P . (D)

In the spatial-frequency domain, this correlation
matrix is given by

R(G.7.2) = JR’(F), P, 2)e e 17 dpd
=/

. ~T - dg
_ G .q 1/ G /’ _ //’ )
J 4.9",2G (¢'s —q,2) on)

(33)
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The Green’s functions in Equation (14) can, in
general, be found numerically (analytical solutions are
known for the case of a plane-wave pump and the case
of a very short crystal with inhomogeneous pump),
which enables the evaluation of the correlators in
Equations (27), (29), (30), (32), and (33).

3.2. Modes of maximum squeezing and
anti-squeezing
Let us project the amplified light onto a mode
XLo(p) ]
Eio = O, 34
Lo [ Yi0(p) (34

called the local oscillator (LO) mode. The detected
squeezing factor (measured noise normalized by the
standard quantum limit) is given by

JJE{o(PR(B, 5, 2)ELo(p) dpdi
JE{o(PELo(p)dp

where the kernel R(p, 0/, z) obtained from Equation

(27) is Hermitian, i.e.

R*(p,0,2) =R(©, b, 2). (36)

Equation (35) would still hold if we replace the kernel
R(p, 0, z) by R'(p, ¢, z), which is also Hermitian, but is
more convenient for numerical evaluations. The pro-
jection (35) onto the LO mode can also be done in the
spatial-frequency domain:

~T ~ % ~ - i bl
JJELo(@R (4.4, 2)ELo(q) dgdg
(2m)

AMz) = , (35)

Mz) = e , (37)
IELO(‘])ELO(Q)W
where
E; 0@ = Ero(=) (38)
and
R7(G.4.2) =R(=4. — .. (39)

Once we obtain the correlation matrix R(p, o, z) or
R'(p, ¢, z) from the Green’s functions, we can find the
extrema of the functional (35) (known as the Rayleigh
quotient) as eigensolutions of the Fredholm integral
equation

jR’(ﬁ, 7. L) P = AOEo(@.  (40)

which defines a complete set of orthogonal
uncorrelated modes Ejfo(p), classified by their
squeezing factors A. This procedure is a quantum
analog of the standard Karhunen—Loéve expansion. If

Ejo(7) = [%858] (1)

is an eigenmode of Equation (40) with eigenvalue A < 1
(squeezed quadrature), then

B3 =B = | 00 ] @
is also an eigenmode of Equation (40) with eigenvalue
1/A > 1 (anti-squeezed quadrature). The mode EIL/S(,B)
is a —mr/2-shifted version of Efo(f)). Note that in the
spatial-frequency domain, Equation (40) takes the form

il
[kG - 79800 L = 10B@. @
(27)

Thus, by solving Equation (40) one can obtain the
shapes of the independently-squeezed modes, and their
spectrum of squeezing/anti-squeezing, for an arbitrary
pump profile. This will completely answer the
questions about the effective number of amplified
modes and their spatial profiles. Possibilities for
additional analysis include (a) iteration of the pump
profile to maximize the number of well-squeezed
modes (i.e. spatial ‘bandwidth’ of squeezing) and (b)
finding a unitary transformation that maps these
modes to known modes, e.g. Hermite—Gaussian
modes or plane waves (in the latter case, A becomes
the spatial squeezing spectrum).

It is worth noting that the procedure for diagonal-
izing the case of multimode squeezing into indepen-
dently-squeezed modes was originally developed in a
general form in [13,14] for the case an arbitrary
quadratic Hamiltonian. The theory for optimal
(matched) LO with Equations (35) and (40) was
introduced in [15] and later applied to the calculation
of soliton squeezing in [16,17]. Similar decomposition
techniques were recently reviewed in [18] in the context
of parametric interactions in optical fibers.

3.3. Analytical solution 1: plane-wave pump

In the ©presence of a plane-wave pump
E,(p,2) = |Eyle = const, Equation (3) still preserves
the shift-invariance of the original paraxial Helmholtz
equation and is, therefore, easily solved in the Fourier
domain [6]:

Ei(§.2) = (g, DE(G.0) + w(¢. ) E[(=4.0),  (44)
where the coefficients of the input—output transforma-
tion are

iAk
w(q,z2) = (cosh yz " 2;ff sinh yz)

X €exXp iAkeffz exp —iq—zz
2 2k )

Ak, 2
v(q,z) = i% sinh yz x exp (i ;ff z) exp (—izqu z),

(45)
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g = |q|, the effective wavevector mismatch is

2
T A
Mkar = Ky — ke, — kit L (k5+ ki)

2
_ (1. 1
—ak+4 (k5+ki),

and the parametric gain coefficient is

y = Jk? — AkZp/4, 47)

(46)

with

2
2 x _ wswidegelp

K* =Kok =
L 2egngningcd’

- “’%d;f/ |Eple™.
Note that, in the degenerate case, the product of the
exponentials in Equation (45), containing the effective
wavevector mismatch and diffraction phase terms,
becomes simply exp(iAkz/2).

From this point on, we will assume wavelength-
and polarization-degenerate signal and idler waves,
which allows us to drop the s and 7 subscripts. Green’s
functions in the plane-wave pump case are given by

o5 7.2) = Je"‘?@*”[u(q, D4 g2
2n)
— Gy - 71,2,
G5 7.2) = Je"‘?@—ﬁ’)[u(q, D - g2
: (2n)

= G}’('IB - 125/|9Z)7 (48)

where the p and v coefficients are taken from Equation
(45). In the spatial-frequency domain, the matrix form
of Green’s function is given by

G(4.4.2) = 27)’8(q + §)M(q. 2), (49)
where
| Re(u+v) —Im(u—v)
Mg,z) = |:Im(,u +v) Re(u—v) :|’ (50)
that is

E(q, z) = M(q. 2)E(g. 0). (51)

The correlation-matrix kernel R'(7, ¢, z) is, therefore,
given by

R(G.q4.z) = (27)8(q + §)M(gq,2)M" (¢, z)

PRk ZImwv)]

_ 2¢r2 =/
~ ol )[ 2m(un) = v

(52)

the squeezing/anti-squeezing factor is determined by
~T ~ o e
JEL0@M(q, M (¢, )1 (@) 5
= ~T L o~% > da
JELo(DELo(9) o
and the independently squeezed modes are the
eigenvectors of the matrix MM":

~ A N ~ A -

M(g, M (¢, 2)E[ (@) = M2E[o(@). (54
One can easily see that the modes Epo(§) correspond-
ing to different spatial frequencies are squeezed
independently. For each spatial frequency, there are
two eigenvalues,

AMz2)

. (33

J = (Il + vy, (55)
Ja = (Il = IvIY’, (56)
with corresponding eigenvectors given by
=i - [ cose
Eo(@) = [ sin g } (57)
SA2 o _ Sll’l(p
Ero(@ = [_ e w], (58)

where
_ arg(p) +arg(v)
¢) - f b
and the second eigenvector represents the electric field
of the first shifted by —mx/2. Note that the phase (59)
is the eigenmode’s phase at the output of the PSA.
It is different from the optimum input phase

arg(p) — arg(v)
2

that ensures maximum amplification. In other words,
light entering the PSA with optimum input phase (60)
will emerge from the PSA with output phase (59).
Similarly, input light phase shifted by —m/2 from the
phase (60) will emerge with —/2 shift from phase (59).
The eigenvalues of Equations (55) and (56) are related
as A = 1/1,, which is a consequence of the symplectic
transformation (16) leading to the condition
Iu|?>—[v3 =1 for the Bogoliubov transformation (44).

From Equation (52), one can also obtain the
normally-ordered correlator in the spatial (p)-domain as

R(5.5.2) = jo M(q. 2)Jo(al — 1) ¢ da/ )

=R'(I6—71.0)+R'N(p—Fl.2).  (61)

where Jj is the Bessel function and the initial correlator
value is given by Equation (31). The four matrix
elements of the correlator R'y(|p — g/|, L) are plotted
as functions of &=|p—p/| in Figure 1(a) and
as functions of &£ = p — p' = (£, §,) in Figure 2(a) for
a nonlinear crystal with parameter values similar to
those in [3,7] and 6,=-—mn/2. The presence of the
off-diagonal elements indicates that the quantum field

(59)

o= (60)
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Figure 1. Diagonal and off-diagonal elements of the correlation matrix R’ y(&, L) of Equation (61) (where £ = p — ¢’ and & = |&])
without (¢) and with (b) a phase plate in the Fourier plane. Parameter values for the OPA are the same as those in [3,7]: crystal length
L=521 mm, Ak=0, kL =0.88 [i.e. a phase-sensitive gain (/x| + [v])*> = 5.8 for ¢ =0], signal wavelength A, = 1064 nm, refractive
index n,=1.78, and pump phase 6, = —m/2. (The color version of this figure is included in the online version of the journal.)

(a)

0.2

(XEXE)), (XEYE)),

0.0

B (XEXE), (XEYE)),

02 0.0 02 02 0.0 0.2
£, (mm)
02

0.0

(Y@X @), {Y®YE),

-0.2

Yr®XE), {YEY @),

Figure 2. The diagonal and off-diagonal elements of the correlation matrix R’ y(§, L) of Figure 1 shown in the (§,,£,)-plane without
(a) and with (b) a phase plate in the Fourier plane. (The color version of this figure is included in the online version of the journal.)

emerging from the OPA does not have a flat phase
front. Such distortion can be corrected by inserting a
Fourier-plane phase plate to rotate the phases of the
spatial-frequency components of the output field by
—¢(q) (for small parametric gains this can be approx-
imated by a simple telescope that images the center of
the crystal [7]). This transformation is equivalent to
multiplication of Equation (51) by the matrix

| cosp sing
_[—sin¢ cosgo:|’ (62)

which transforms the correlation matrix of Equation
(52) into

R/ 7 ST — (Psc ] (RIHIVD 0 }
SR(¢.q',2)S" =(2n) 8(q+q)[ 0 (el = w)? |

(63)

with the corresponding spatial-domain normally-
ordered counterpart shown in Figures 1(b) and 2(b).
The singularity at p = p’ is due to rectification of the
sinc function in the spatial-frequency domain, which
occurs when taking the absolute value of v [7].

3.4. Analytical solution 2: short crystal with
inhomogeneous pump

For sufficiently short crystals, the diffraction term
in Equation (3) can be neglected, and the resulting
equation takes the following form:

0F;  iwdesr
9z nge

E,Ete™ (64)
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or
—= — ke Ere™ (65)

where ky=w; der E,/(n, c), in general, is a complex
parameter that depends on the coordinate p (if the
pump is inhomogeneous). One can then introduce the
parameters p and v as

/’L(IB, Z) = (COSh yz — % sinh VZ> X exp <l'Akz) ’

- - Ak
v(p,z) = iK—)jsmh yz X exp(z’Tz) ,

(66)
where
Y(p) = VK2 (p) — AK? /4,
2 -
s Wi I
& = it = 22l (P) (67)

- ]
2eongnin,c’

so that the solution takes the form of point-by-point
(pixel-by-pixel) field amplification:

Ey(p,2) = (6, 2)Es(p,0) + v(p. 2)E7(p,0).  (68)
In the degenerate case, we have

GX(IB’ IB,’Z) - [H’(:Ba Z) + ])(/_5, Z)] 8(5 - 5/),
Gy(p, 0, 2) = [1(p,2) — v(6,2)] 8(p — ), (69)

and
G(p, 0, 2) = M(p,2) x 8(6 — p), (70)
where
- | Re(u+v) —Im(n—v)
MG =1 10 w0V

From Equations (70) and (71) we can see that the
situation is very similar to the plane-wave pump case,
but, instead of the spatial-frequency domain, the same
input—output relations take place in the image domain.
Namely,

E(p,2) = M(p, 2)E(p, 0) (72)
and
R/(IB, IB 92) = 8(5 - ﬁ,) X M(iaa Z)MT(Z), Z)

Com o IV 2Im(u)
- p)[zlm(uv) |u—v*|2]’ "

so that the independently-squeezed modes are the
eigenvectors of the matrix MM

M3, M (5, 2)Ef 0 (8) = A(2)Efo(P).  (74)

One can easily see that the modes E} o(p) correspond-
ing to different pixels of the image are squeezed

independently. For each pixel, there are two
eigenvalues,

A= (Il + ), (75)

A = (Il = ), (76)

with corresponding eigenvectors

o= [cose
B = | St | )
M oy | sing
B = ¢ | 78)

where

_ arg(u) +arg(v)

g=—
and the second eigenvector represents the electric
field of the first shifted by —n/2. Similar to our
discussion above for the plane-wave pump case, we
note that the phase (79) is the eigenmode’s phase at the
output of the PSA. It is different from the optimum
input phase

(79)

_arg(u) — arg(v)
2

that ensures maximum amplification. In other words,
light entering the PSA with optimum input phase (80)
will emerge from the PSA with output phase (79).
Similarly, input light with phase shifted by —z/2 from
the phase (80) will emerge with —sm/2 shift from phase
(79). The eigenvalues of Equations (75) and (76) are
related as A;=1/A,, which is a consequence of the
symplectic transformation (16) leading to the condition
lu)? = [v*=1 for the Bogoliubov transformation (68).

o= (80)

4. Summary

We have presented a methodology for the complete
quantum description of a traveling-wave phase-
sensitive optical parametric amplifier (OPA) in terms
of its normally-ordered quadrature correlators that are
obtainable from the numerically or analytically solva-
ble Green’s function of the classical OPA propagation
equation. This approach applies to the case of a pump
beam with arbitrary spatial profile and enables deter-
mination of the independently-squeezed orthogonal
eigenmodes of the OPA. This methodology serves as
a basis for our study of the modes of the OPA with
an elliptical Gaussian pump beam, which will be
published elsewhere.
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